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A subsystem-independent generalization of entanglement
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We introduce a generalization of entanglement based on the idea that entanglement is relative to
a distinguished subspace of observables rather than a distinguished subsystem decomposition. A
pure quantum state is entangled relative to such a subspace if its expectations are a proper mixture
of those of other states. Many information-theoretic aspects of entanglement can be extended to
the general setting, suggesting new ways of measuring and classifying entanglement in multipartite
systems. By going beyond the distinguishable-subsystem framework, generalized entanglement also
provides novel tools for probing quantum correlations in interacting many-body systems.
PACS numbers: 03.67.-a, 03.67.Mn, 03.65.Ud, 05.30.-d
Entanglement is a uniquely quantum phenomenon
whereby a pure state of a composite quantum system
may cease to be determined by the states of its con-
stituent subsystems [1]. Entangled pure states are those
that have mixed subsystem states. To determine an en-
tangled state requires knowledge of the correlations be-
tween the subsystems. As no pure state of a classical sys-
tem can be correlated, such correlations are intrinsically
non-classical, as strikingly manifested by the violation of
local realism and Bell’s inequalities [2]. In the science
of quantum information processing (QIP), entanglement
is regarded as the defining resource for quantum com-
munication and an essential feature needed for unlocking
the power of quantum computation. However, in spite
of intensive investigation, a complete understanding of
entanglement is far from being reached.
To unambiguously define entanglement requires a pre-
ferred partition of the overall system into subsystems.
In conventional QIP scenarios, subsystems are associ-
ated with spatially separated “local” parties, which legit-
imates the distinguishability assumption implicit in stan-
dard entanglement theory. However, because quantum
correlations are at the heart of many physical phenom-
ena, it would be desirable for a notion of entanglement
to be useful in contexts other than QIP. Strongly in-
teracting quantum systems offer compelling examples of
situations where the usual subsystem-based view is in-
adequate. Whenever indistinguishable particles are suf-
ficiently close to each other, quantum statistics forces
the accessible state space to be a proper subspace of
the full tensor product space, and exchange correlations
arise that are not a usable resource in the usual QIP
sense. Thus, the natural identification of particles with
preferred subsystems becomes problematic. Even if a
distinguishable-subsystem structure may be associated
to degrees of freedom different from the original particles
(such as a set of modes [3]), inequivalent factorizations
may occur on the same footing. Finally, the introduction
of quasiparticles, or the purposeful transformation of the
algebraic language used to analyze the system [4], may
further complicate the choice of preferred subsystems.
While efforts are under way to obtain entanglement-like
notions for bosons and fermions [3, 5] and to study entan-
glement in quantum critical phenomena [6–8], formulat-
ing a theory of entanglement applicable to the full variety
of physical settings remains an important challenge.
In this Letter, we introduce a notion of generalized en-
tanglement (GE) based on the relationship of a state
to different sets of observables of the system of inter-
est, without reference to a preferred subsystem decom-
position. This is achieved by realizing that the salient
features of entanglement are determined by the expec-
tations of a distinguished subspace of observables. The
latter may represent a limited means of manipulating
and observing the system. For standard entanglement
these means are limited to local observables acting on
one subsystem only. The central idea is to generalize the
observation that standard entangled pure states are those
that look mixed to local observers. Each pure quantum
state gives rise to a reduced state that only provides the
expectations of the distinguished observables. The set of
reduced states is convex and, like an ordinary quantum
state space, it includes pure states (the extremal ones).
We say that a pure state is generalized unentangled rela-
tive to the distinguished observables, if its reduced state
is pure, and generalized entangled otherwise. The defini-
tion extends to mixed states in a standard way: A mixed
state is unentangled if it can be written as a mixture
(or convex combination) of unentangled pure states. Be-
cause our definition depends only on convex properties
of the distinguished spaces of observables and states we
consider, it provides a notion of entanglement within a
general convex framework suitable for investigating the
foundations of quantum mechanics and related physical
theories (cfr. [9] and references therein).
The mathematical foundation of GE is established
in [10]. Here we highlight the significance of GE from
a physics and information-physics perspective. For this
purpose, we focus on the case where the observable sub-
space is a Lie algebra. A key result is then the identi-
fication of pure generalized unentangled states with the
generalized coherent states (GCSs, a connection indepen-
2dently noted by Klyachko [11]), which are well known for
their applications in physics [12]. This encompasses the
entanglement settings introduced to date in a unifying
framework. Furthermore, it is now possible to extend
information-theoretic notions to coherent state theory
and beyond. We demonstrate that many concepts pre-
viously thought to be subsystem-specific are much more
generic, define new measures of entanglement based on
the general theory, and apply quantum information to
condensed-matter problems. In particular, we introduce
notions of Generalized Local Operations assisted by Clas-
sical Communication (GLOCC) under which the ordi-
nary measures of standard entanglement do not increase,
as well as measures of GE with the desired behavior un-
der classes of GLOCC maps. New measures of standard
entanglement are obtained for the multipartite case. In
the Lie-algebraic setting, a simple GE measure obtained
from the purity relative to a Lie algebra is a useful diag-
nostic tool for quantum many-body systems, playing the
role of a disorder parameter for broken-symmetry quan-
tum phase transitions.
Generalized entanglement.− We first revisit the
standard setting for entanglement where we have two
distinguishable subsystems forming a bipartite system.
Let the mn-dimensional joint state space H factorize as
H = Ha ⊗ Hb, with Ha, Hb m, n-dimensional, respec-
tively. In this setting, physical considerations distinguish
a preferred set of observables, spanned by traceless Her-
mitian operators of the form A⊗ 1 and 1 ⊗B, which are
the local observables acting on system a or b alone. For
each pure state |ψ〉 ∈ Ha ⊗Hb, one may consider the re-
duced state describing the expectations of measurements
of local observables. The reduced state is determined by
the pair of reduced density operators, ρa := trb|ψ〉〈ψ|
and ρb := tra|ψ〉〈ψ|. Because pure product states are
exactly those for which subsystem states are pure, our
definition of GE relative to the local observable subspace
coincides with the standard definition of entanglement.
In this example, the distinguished observable space is a
Lie algebra, h = su(m) ⊕ su(n), and h is a subalgebra
of the full Lie algebra g of operators on H. The connec-
tion with GCSs is established by associating the family
of pure unentangled states with an orbit of the group of
local unitary transformations acting on H (see below).
The extent to which our viewpoint extends the usual
subsystem-based definition may be appreciated in situ-
ations where no subsystem partition exists and conven-
tional entanglement is meaningless. Consider a single
spin-1 system, whose three-dimensional state space H
carries an irreducible representation of su(2), with gen-
erators Jx, Jy, Jz satisfying [Jα, Jβ ] = iεαβγJγ , (εαβγ be-
ing the totally antisymmetric tensor). Suppose that the
distinguished observables are linear in these generators
so that they are the ones in the given representation of
su(2). The reduced states can be identified with vectors
of expectation values of these three observables: They
form a unit ball in R3, and the extremal points are those
on the surface, which have maximal spin component 1 for
some linear combination of Jx, Jy, Jz. These are the well-
known “spin coherent states,” or GCSs for SU(2) [12].
For any choice of spin direction, H is spanned by the
|1〉, |0〉, |−1〉 eigenstates of that spin component; the first
and last are GCSs, but |0〉 is not, characterizing |0〉 as
a generalized entangled state relative to su(2). All pure
states appear unentangled if access to the full algebra
g = su(3) is available (that is, su(3) is distinguished).
This example illustrates that when the distinguished
subspace forms an irreducibly represented Lie algebra,
the set of unentangled states is the set of GCSs. Another,
more physically motivated characterization is as the set
of states that are unique ground states of a distinguished
observable. To formally relate these characterizations of
unentangled states we review the needed Lie represen-
tation theory [13]. A Cartan subalgebra (CSA) c of a
semisimple Lie algebra h is a maximal commutative sub-
algebra. A vector space carrying a representation of h
decomposes into orthogonal joint eigenspaces Vλ of the
operators in c. That is, each Vλ consists of the set of
states |ψ〉 such that for x ∈ c, x|ψ〉 = λ(x)|ψ〉. The
label λ is therefore a linear functional on c, called the
weight of Vλ. In the above example, any spin component
Jα spans a (one-dimensional) CSA cα. There are three
weight spaces labeled by the angular momentum along
α, and spanned by the states |1〉, |0〉, |−1〉 of the previous
paragraph. Note that any two CSAs are conjugate under
elements of the Lie group, manifested in the spin exam-
ple by the fact that Jα transforms into any desired spin
component via conjugation by a rotation in SU(2). The
subspace of operators in h orthogonal in the trace inner
product to c can be organized into orthogonal “raising
and lowering” operators, which connect different weight
spaces. In the example, choosing Jz as the basis of our
CSA, these are J± := (Jx±iJy)/
√
2. For a fixed CSA and
irreducible representation, the weights generate a con-
vex polytope; a lowest (or highest) weight is an extremal
point of such a polytope, and the one-dimensional weight-
spaces having those weights are known as lowest-weight
states. The set of lowest-weight states for all CSAs is the
orbit of any one such state under the Lie group generated
by h. These are the group-theoretic GCSs [12]. Notably,
the GCSs attain minimum uncertainty in an appropriate
invariant sense [14].
A natural way to relate any state |ψ〉 ∈ H to a Lie
algebra h of operators acting on H is to project |ψ〉〈ψ|
onto h. This projection completely determines the ex-
pectations of operators in h for |ψ〉. The generalized un-
entangled states are the ones for which the projection of
|ψ〉〈ψ| onto h is extremal. The intuition that these should
be the states whose projection has largest distance from
0 turns out to be true. This motivates the following def-
inition. Let {xi} be a Hermitian (xi = x†i ) orthogonal
(tr xixj ∝ δij) basis for h [15]. The purity of |ψ〉 relative
3to h (or h-purity) is Ph(|ψ〉) :=
∑
i |〈ψ|xi|ψ〉|2, where the
xi have a common, rescaled norm chosen to ensure that
the maximal value is 1. Ph(|ψ〉) is the square-distance
from 0 of the projection of |ψ〉〈ψ|. For pure bipartite
states, the su(m)⊕ su(n)-purity is (up to a constant) the
conventional purity given by the trace of the square of
either subsystem’s reduced density operator.
So far, h has been assumed to be a real Lie algebra
of Hermitian operators. These may be thought of as
a preferred family of Hamiltonians, which generate (via
h 7→ eih) a Lie group of unitary operators. More gener-
ally, we want Lie-algebraically distinguished completely
positive (CP) maps, ρ 7→ ∑iAiρA†i . A natural class is
obtained by restricting the “Hellwig-Kraus” (HK) oper-
ators Ai to lie in the topological closure ehc⊕1l of the Lie
group generated by the complex Lie algebra hc ⊕ 1l [16].
Having HK operators in a group ensures closure under
composition. Using hc ⊕ 1l allows non-unitary HK oper-
ators. Topological closure introduces singular operators
such as projectors. The following characterizations of un-
entangled states (proven in [10]) demonstrate the power
of the Lie algebraic setting.
Theorem. The following are equivalent for an irre-
ducible representation of h on H:
(1) ρ is generalized unentangled relative to h.
(2) ρ = |ψ〉〈ψ| with |ψ〉 the unique ground state of some
H in h.
(3) ρ = |ψ〉〈ψ| with |ψ〉 a lowest-weight vector of h.
(4) ρ has maximum h-purity.
(5) ρ is a one-dimensional projector in ehc⊕1l.
Generalized LOCC.− The semigroup of LOCC
maps [17] and the preordering it induces on states accord-
ing to whether or not a given state can be transformed
to another by an LOCC operation are at the core of en-
tanglement theory. Given an HK representation {Ai} of
a CP map M , we can view each Ai as being associated
with measurement outcome i, obtained with probability
tr Aiρ, and leading to the state AiρA
†
i . The set {Ai}
and a list of maps Mi, with HK operators {Bij}, spec-
ify a new map with representation {BijAi}. This map
can be implemented by first applying M and then, given
measurement outcome i, applyingMi. We call this condi-
tional composition of maps. Closing the set of one-party
maps (for all parties) under conditional composition gives
the LOCC maps. When the distinguished observables
form a semisimple Lie algebra h, a natural multipartite
structure can be exploited to generalize LOCC. h can be
uniquely expressed as a direct sum of simple Lie alge-
bras, h = ⊕ihi. A Hilbert space irreducibly representing
h factorizes as H = ⊗iHi, with hi acting non-trivially on
Hi only. This resembles ordinary entanglement, except
that the “local” systems Hi may not be physically local,
and actions on them are restricted to involve operators
in the topological closure of a “local” Lie group repre-
sentation which need not be GL(dim(Hi)) as in standard
entanglement. For each simple algebra hi, a natural re-
striction is to CP maps with HK operators in e(hi)c⊕1l.
GLOCC, generalized LOCC, is the closure under condi-
tional composition of the set of operations each of which
is representable with HK operators in the topological clo-
sure of e(hi)c⊕1l for some i.
In conventional entanglement, there is also interest in
separable maps (SLOCC, [18–20]), which are those rep-
resentable with HK operators that are tensor products.
The generalization of these maps is obtained by consid-
ering the semigroup of maps whose HK operators are
in ehc⊕1l. Another potential generalization of LOCC in-
volves using spectra of operators to classify them as ana-
logues of single-party operators. Yet another begins from
maps that induce well-defined maps on the set of reduced
states, as single-party maps do in the standard setting.
These alternative proposals are discussed further in [10].
Measures of generalized entanglement.−Because
GE relative to h reflects incoherence relative to h, and
incoherence amounts to mixing from the point of view
of h, a natural Lie-algebraic entanglement measure for
mixed ρ is obtained by minimizing the expected differ-
ence from 1 of the h-purity over pure state ensembles
for ρ: min (1−∑i piPh(pii)), where the minimum is over
all pi > 0 and pure pii such that
∑
i pipii = ρ. A dif-
ferent approach is suggested by the convex structure of
reduced states and uses natural mixedness measures σ
on finite probability distributions p = (p1, . . . , pk). Such
measures are concave and permutation-invariant(Schur
concave). Examples are entropy, σln(p) := −
∑
i pi ln pi,
and Renyi entropy, σ1(p) := 1 −
∑
i p
2
i . For a reduced
state µ, define σ(µ) by minimizing σ(p) over ways of
writing µ =
∑
i piµi with pi probabilities and µi pure
reduced states. For an unreduced pure state ρ with re-
duction ν, define σ(ρ) := σ(ν). For general unreduced
ρ, define σ(ρ) = min
∑
i piσ(pii) where the minimum is
over all pi > 0 and pure pii such that
∑
i pipii = ρ. This
measure will be convex as all measures of GE should
be. It is also desirable that it is non-increasing under
GLOCC. In [10], we have established that the above mea-
sures are non-increasing under those GLOCC operations
implementable via conditional composition of operations
with unitary HK operators in the Lie group. General-
izations of these results beyond the Lie-algebraic setting
are discussed in [10]. As with standard entanglement, no
single measure can capture the complexity of GE.
Generalized multipartite entanglement.− Mul-
tipartite systems are examples where GE contributes
to the study of conventional entanglement. For N
qubits, the relevant algebra for conventional entangle-
ment is h = ⊕Ni=1su(2)i, generated by the Pauli matri-
ces for each qubit. The pure product states have max-
imal purity Ph = 1 (unentangled), whereas the states
|GHZN 〉 := 2−1/2[|↑↑ · · · ↑〉 + |↓↓ · · · ↓〉] have minimal
purity 0 (maximally entangled). States of the form
4|WN 〉 := N−1/2
∑N
i=1 |↑↑ · · · ↑↓i↑ · · · ↑〉 have an interme-
diate purity (N−2N )
2. In the N → ∞ limit, Ph(|WN 〉)
→ 1, whereas |GHZN 〉 remains maximally entangled. In-
terestingly, 1−Ph (for this h) coincides with the global en-
tanglement measure introduced in [21]. Different choices
of observable algebras, constructed for instance by using
the full su(2k) or collective su(2) subalgebras for clusters
of k qubits, may be considered to further refine the study
of GE. Algebras such as these can be seen to be partially
ordered by the subalgebra relationship. In this case, one
can further relativize entanglement by considering any
pair of relevant Lie algebras h1 ⊇ h2. By starting with a
state reduced to h1 and considering its further reduction
to h2, contributions to entanglement due to this pair of
subalgebras can be extracted. The measures of entan-
glement σ(ρ) can provide additional information on the
fine-structure of multipartite quantum correlations.
Another example consists of two spin-1 particles in the
total spin representation of su(2). Suppose that the two
spins can only be accessed collectively, e.g. using a global
external field. Then the distinguished observable sub-
space is spanned by operators Jα := J
(1)
α ⊗ 1 + 1 ⊗ J (2)α ,
J
(1)
α , J
(2)
α being spin-1 generators for each su(2). The
(unentangled) GCSs here are states of maximal total
spin projection in some direction α (states of the form
|1α〉|1α〉), whereas product states, like |0α〉|0α〉 with zero
spin projection, are generalized (maximally) entangled
relative to this algebra. This reflects the fact that no
SU(2) spin rotation can connect |0α〉|0α〉 to the unentan-
gled state |1α〉|1α〉.
Entanglement in condensed matter.− GE can be
applied to the study of interacting quantum systems,
where the characterization of quantum correlations is es-
sential to a complete understanding of quantum phase
transitions. Consider the case of an anisotropic one-
dimensional spin-1/2 XY model in a transverse field, de-
scribed by the Hamiltonian acting on the N -spin space:
H = −g
N∑
i=1
[(1+η)J ixJ
i+1
x +(1−η)J iyJ i+1y ]+
N∑
i=1
J iz , (1)
where η ∈ [0, 1] is the anisotropy, g ∈ [0,∞) is a
tunable parameter and JN+1α = J
1
α. H can be di-
agonalized by performing a Jordan-Wigner mapping to
spinless fermions. The resulting ground state is BCS-
like. A transition between a paramagnetic state (dis-
order) and a ferromagnetic state (order) occurs for all
η at the critical value gc = 1, in the thermodynamic
limit. Relevant algebras, generated by subsets of bilin-
ear products of spinless-fermion operators [12], include
u(N) = {c†ici − 12 ,
c†
i
cj+c
†
j
ci√
2
,
c†
i
cj−c†jci
i
√
2
}, and so(2N) =
u(N)⊕{ c
†
i
c†
j
+cjci√
2
,
c†
i
c†
j
−cjci
i
√
2
}, 1 ≤ i < j ≤ N. A BCS state
is a GCS of so(2N), thus it is generalized-unentangled
relative to so(2N), capturing the fact that quasiparticles
are non-interacting in this description. However, GE
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FIG. 1: Purity Pu(N) for the BCS state as a function of g.
Pu(N) scales with an exponent ν = 1 near gc. Thus the corre-
lation length diverges as (gc − g)
−ν (Ising universality class).
may be present relative to the smaller algebra u(N) ⊂
so(2N) [22]. Remarkably, Pu(N) as a function of g plays
the role of a disorder parameter (Fig. 1). The fact that
the purity relative to an appropriate algebra succeeds at
detecting a quantum phase transition and characterizing
its universality class appears to be a generic feature of
broken-symmetry (here Z2) phase transitions. The pu-
rity, a sum of squared expectations of observables, is a
natural measure of fluctuations. Changes in the nature
of the fluctuations identify those transitions. In some
cases [6, 7], nearest-neighbor lattice-site entanglement or
other standard entanglement measures may suffice, but
in general highly non-local correlations or fluctuations,
whose nature depends on the physics and symmetries of
the problem, may be required. An extended analysis of
these issues will be presented elsewhere [23].
Conclusion.− We have introduced a generaliza-
tion of entanglement which goes beyond the standard
subsystem-based approach by considering entanglement
as a quantum feature of states with respect to any phys-
ically relevant, distinguished subspace of observables.
These subspaces arise naturally from the algebraic lan-
guages [4] used to describe quantum systems. In ad-
dition to tying together the theory of entanglement and
the theory of coherent states, our results carry the poten-
tial for a number of conceptual and practical advances.
From a condensed-matter perspective, GE might natu-
rally provide measures of correlation strength useful for
establishing, for example, whether interactions within a
given quasiparticle description are sufficiently weak for
a mean-field theory to be meaningful. Conversely, one
might use a typology of GE to better understand sit-
uations where mean-field theory is not easily applied.
For QIP, our formalism can give additional insight into
standard entanglement theory. It suggests novel entan-
glement measures for the multipartite case. By scaling
system sizes, asymptotic measures can be obtained to
5help investigate information-theoretic or thermodynamic
limits, with possible uses in renormalization group anal-
yses. Finally, because the occurrence of a superselected
structure in a quantum system provides an important
avenue for effectively restricting the set of physically ac-
cessible operations, and can be formally associated to
the reducible action of an appropriate operator set, our
framework may provide further insight on the issue of
entanglement in the presence of superselection rules as
recently addressed in [24, 25].
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